In 1985, L. D. James and G. A. Jones proved that the complete graph K n defines a clean dessin d'enfant (the bipartite graph is given by taking as the black vertices the vertices of K n and the white vertices as middle points of edges) if and only if n = p e , where p is a prime. Later, in 2010, G. A. Jones, M. Streit and J. Wolfart computed the minimal field of definition of them. The minimal genus g > 1 of these types of clean dessins d'enfant is g = 7, obtained for p = 2 and e = 3. In that case, there are exactly two such clean dessins d'enfant (previously known as Edmonds maps), both of them defining the Fricke-Macbeath curve (the only Hurwitz curve of genus 7) and both forming a chiral pair. The uniqueness of the Fricke-Macbeath curve asserts that it is definable over Q, but both Edmonds maps cannot be defined over Q; in fact they have as minimal field of definition the quadratic field Q( √ −7). It seems that no explicit models for the Edmonds maps over Q( √ −7) are written in the literature. In this paper we start with an explicit model X for the FrickeMacbeath curve provided by Macbeath, which is defined over Q(e 2πi/7 ), and we construct an explicit birational isomorphism L : X → Z, where Z is defined over Q( √ −7), so that both Edmonds maps are also defined over that field.
Introduction
A dessin d'enfant D on a closed orientable surface is given by a bipartite map on it (vertices will be colored black and white). The dessin d'enfant is called clean if the white vertices have all valence 2.
A Belyi curve is an irreducible non-singular complex projective algebraic curve (i.e. a closed Riemann surface) S admitting a non-constant meromorphic map β : S → C with at most three branch values; which we assume to be inside the set {∞, 0, 1}; we say that (S, β) is a Belyi pair. Two Belyi pairs (S 1 , β 1 ) and (S 2 , β 2 ) are called equivalent, denoted this by the symbol (S 1 , β 1 ) ∼ = (S 2 , β 2 ), if there is an isomorphism f : S 1 → S 2 so that β 2 • f = β 1 .
A subfield K of Q is called a field of definition of a Belyi pair (S, β) if there an equivalent Belyi pair ( S, β) where S and β are both defined over K. As a consequence of Belyi's theorem [1] , the field of algebraic numbers Q is a field of definition of every Belyi pair.
Each Belyi pair (S, β) defines a dessin d'enfant on S by taking the edges as the components of β −1 ((0, 1)), the black vertices as the points in β −1 (0) and the white vertices as the points in β −1 (1) . Conversely, as a consequence of the uniformization theorem, every dessin d'enfant on a closed orientable surface induces a (unique up to isomorphisms) Riemann surface structure (being a Belyi curve) and a Belyi map so that the original dessin d'enfant is homotopic to the one associated to the Belyi pair [11, 15] .
A field of definition of a dessin d'enfant is a field of definition of the corresponding Belyi pair.
As there is a natural (faithful) action of the absolute Galois group Gal(Q/Q) on the collection of Belyi pairs [13] , it also provides a (faithful) action on dessins d'enfant. This action may help in the study of the internal structure of the group Gal(Q/Q) in terms of combinatorial data.
Let us consider a dessin d'enfant D, which is defined by the Belyi pair (S, β). By Belyi's theorem, we may assume that both S and β are defined over Q. The field of moduli of D is then defined as the fixed field of the subgroup {σ ∈ Gal(Q/Q) : (S, β) ∼ = (S σ , β σ )}. The field of moduli of D is always contained in any field of definition of it, but it may be that the field of moduli is not a field of definition of it. Both, the computation of the field of moduli of a dessin d'enfant and to decide if the dessin d'enfant can be defined over it, are in general difficult problems. If the dessin d'enfant is regular, that is, the Belyi map β is a Galois branched cover, then J. Wolfart [19] proved that D can be defined over its field of moduli. Also, if the dessin d'enfant has no non-trivial automorphisms, then it is definable over its field of moduli as a consequence of Weil's descent theorem [16] . So, the problem to decide if the field of moduli is a field of definition appears when it has non-trivial automorphisms but it is non-regular.
In 1985, L. D. James and G. A. Jones [10] proved that the complete graph K n defines a clean dessin d'enfant (the bipartite graph is given by taking as the black vertices the vertices of K n and the white vertices as middle points of edges) if and only if n = p e , where p is a prime. Later, in 2010, G. A. Jones, M. Streit and J. Wolfart [12] computed the minimal field of definition of such clean dessins d'enfant. The minimal genus g > 1 of these types of clean dessins d'enfants is g = 7, obtained for p = 2 and e = 3. In that case, there are exactly two (non-equivalent) such dessins (previously known as Edmonds maps), both of them defining the Fricke-Macbeath curve (the only Hurwitz curve of genus 7) and both forming a chiral pair. The uniqueness of the Fricke-Macbeath curve asserts that it is definable over Q, but each of the two Edmonds maps cannot be defined over Q; they have as minimal field of definition the quadratic field Q( √ −7) [12] . No explicit models for the Edmonds maps over Q( √ −7) seems to be written in the literature. In Section 2 we recall an explicit model X for the Fricke-Macbeath curve provided by Macbeath, which is defined over Q(e 2πi/7 ), and describe both Edmonds maps. We also provide (as matter of interest for specialists) two different equations, over Q, for the Fricke-Macbeath curve which were independently obtained by Bradley Brock (personal communication) and by Maxim Hendriks in his Ph.D. Thesis [7] . In Section 3 we provide an explicit birational isomorphism L : X → Z, where Z is defined over Q( √ −7). In this model we obtain that the two Belyi maps defining the two Edmonds maps are defined over Q; in particular, this provides explicit models for both Edmonds maps over Q( √ −7) as desired. In Section 4 we provide an explicit birational isomorphism L : X → W , where W is defined over Q. Unfortunately, the explicit equations over Q are not very simple (they are long ones) and they can be found in [9] . In Section 5 we construct a generalized Fermat curve S of type (2, 6) [5] that covers the Fricke-Macbeath curve and we provide a description of the three elliptic curves appearing in the equations of X given by Macbeath. Another model of the Fricke-Macbeath curve is also described.
Macbeath's equations of the Fricke-Macbeath curve and the two Edmonds maps
In this section we recall equations of the Fricke-Macbeath curve, obtained by Macbeath in [14] , and we describe both Edmonds maps discovered in [12] . As a matter of interest to specialists, we also describe two different models over Q, one obtained by Bradley Brock (personal communication) and the other by Maxim Hendriks in his Ph.D. Thesis [7] .
Hurwitz curves
It is well known that |Aut(S)| ≤ 84(g −1) (Hurwitz upper bound) if S is a closed Riemann surface of genus g ≥ 2.
In the case that |Aut(S)| = 84(g − 1), one says that S is a Hurwitz curve. In this last situation, the quotient orbifold S/Aut(S) has signature (0; 2, 3, 7), that is, S = H 2 /Γ, where Γ is a torsion free normal subgroup of finite index in the triangular Fuchsian group ∆ = x, y : x 2 = y 3 = (xy) 7 = 1 acting as isometries of the hyperbolic plane H 2 . Wiman [17] noticed that there is no Hurwitz curve in each genera g ∈ {2, 4, 5, 6} and there is exactly one Hurwitz curve (up to isomorphisms) of genus three, this being Klein's quartic x 3 y + y 3 z + z 3 x = 0; whose automorphisms group is the simple group PSL(2, 7) (of order 168).
Macbeath's equations of the Fricke-Macbeath curve
In [14] Macbeath observed that in genus seven there is exactly one (up to isomorphisms) Hurwitz curve, called the Fricke-Macbeath curve; its automorphisms group is the simple group PSL (2, 8) , consisting of 504 symmetries. In the same paper, Macbeath computed the following explicit equations over Q(ρ), where ρ = e 2πi/7 , for the Fricke-Macbeath curve (involving three particular elliptic curves):
In Section 5 we provide a rough explanation about the elliptic curves in the above equations (different from the approach given in [14] ) in geometric terms of the highest regular branched Abelian cover of the orbifold X/G of signature (0; 2, 2, 2, 2, 2, 2, 2).
Another interesting fact on the Fricke-Macbeath curve is that its jacobian variety is isogenous to E 7 where E is the elliptic curve with j-invariant j(E) = 1792 (E does not have complex multiplication); see, for instance, [2] . There are not to many explicit examples of Riemann surfaces whose jacobian variety is isogenous to the product of elliptic curves (see [6] ).
Equations over Q of the Fricke-Macbeath curve
The uniqueness up to isomorphisms of the Fricke-Macbeath curve asserts that its field of moduli is the field of rational numbers Q. As quasiplatonic curves can be defined over their fields of moduli [19] and Hurwitz curve are quasiplatonic curves, it follows that the FrickeMacbeath curve can be defined over Q. When the author put a first version of this paper in Arxiv [9] we didn't know of explicit equations of the Fricke-Macbeath curve over Q. Later, Bradley Brock sent me an e-mail in which he told me that, using some suitable change of coordinates on the above equations for X, he was able to compute a plane equation for X over Q, with some simple nodes as singularities, given as
An automorphism of order 7 is given by b(x, y) = (ρx, ρ −1 y) and one of order two is given by a 1 (x, y) = (y, x).
The following model over Q, for the Fricke-Macbeath curve, was recently computed by Maxim Hendriks in his Ph.D. Thesis [7] 
In Section 4 we provide an explicit birational isomorphism L : X → W , where W is defined over Q. The explicit form of L may be used to compute explicit equation for W ; this can be done with MAGMA [3] .
A description of the two Edmonds maps
In the above model X of the Fricke-Macbeath curve it is easy to see a group Z 3 2
The quotient Riemann orbifold X/G has signature (0; 2, 2, 2, 2, 2, 2, 2), that is, is the Riemann sphere with exactly 7 cone points of order 2.
An automorphism of order 7 of the Fricke-Macbeath curve is given in such a model by
The automorphism B normalizes G and it induces, on the orbifold X/G = C, the rotation T (x) = ρx. Moreover, X/ G, B has signature (0; 2, 7, 7), that is, the group G, B defines a regular dessin d'enfant (X, β), where β(x, y 1 , y 2 , y 4 ) = x 7 (this is one of the two Edmonds maps, but is defined over Q(ρ)).
We may also see that X admits the following anticonformal involution
It can be seen that JBJ = B and JA j J = A j , for j = 1, 2, 3. In this way, one gets another regular dessin d'enfant (X, δ), where δ(x, y 1 , y 2 , y 4 ) = 1/x 7 (this is the other Edmonds map, again defined over Q(ρ)).
As δ = C • β • J, where C(x) = x, we have that the two regular dessins d'enfant described above are chirals.
An explicit model of the Edmonds maps over Q( √ −7)
In this section we will construct an explicit biregular isomorphism L : X → Z, where Z is defined over Q( √ −7), so that both Edmonds maps are defined over such a field.
. Most of the computations have been carried out with MAGMA [3] or with MATHEMATICA [20].
3.1
then it is not difficult to check that {f e = I, f τ , f τ 2 } is a Weil datum (i.e., they satisfies the Weil co-cycle condition in Weil's descent theorem [16] ) with respect to the Galois extension Q(ρ)/Q( √ −7), where I denotes the identity and
, y 2 .
3.2
Let us consider the rational map
We may see that Φ 1 produces a birational isomorphism between X and Φ 1 (X) (its inverse is just the projection on the x-coordinate). Equations defining the algebraic curve Φ 1 (X) are the following ones
,
3.3
We consider the linear permutation action of N on the coordinates of C 12 defined by
Let us notice that the stabilizer of Φ 1 (X), with respect to the above permutation action, is trivial since
3.4
Each θ ∈ Gal(C) induces a natural bijection
It is not hard to see that θ(X) = X θ .
3.5
If θ ∈ Gal(C/Q( √ −7)), then we denote by θ N is projection in N . With this notation, we see that the following diagram commutes (see also [8] )
and, for every η, θ ∈ Gal(C/Q(
3.6
A generating set of invariant polynomials for the linear action Θ 1 (N ) can be obtained with MAGMA as
The map
clearly satisfies the following properties:
Also (as we have chosen a set of generators of the invariant polynomials for the action of Θ 1 (N )), it holds that Ψ 1 is a branched regular cover with Galois group N . It turns out that, if we set
is a birational isomorphism (since the stabilizer of Φ 1 (X) is trivial).
3.7
so Z 1 can be defined by polynomials with coefficient over Q( √ −7).
3.8
Next, we proceed to compute explicit equations for Z 1 and the inverse L −1
1 : Z 1 → X. The following equalities hold:
Equality ( * ) permits to obtain x 4 uniquely in terms of t 1 and x 3 and the equation
provides a polynomial equation (relating t 1 and t 2 ) given by P 1 (t 1 , t 2 , t 3 , t 7 , t 11 ) = 0, where
permits to obtain the new equation
and the equation
provides the equation
In this way, by replacing the above values for x 2 3 and x 2 4 (obtained in (1) and (2)) in the equality ( * * ), we obtain the polynomial equation P 2 (t 1 , t 2 , t 3 , t 7 , t 11 ) = 0, where
Now, if we replace, in equality ( * * * ),
, where x 4 is given in ( * ), then we obtain a polynomial which is of degree one in the variable x 3 . 
Then, using ( * ), we obtain Now, using such values for x 3 and x 4 , and replacing them in (1) and (2) above, we obtain another two polynomials identities P 3 (t 1 , t 3 , t 7 , t 11 ) = 0 and P 4 (t 1 , t 3 , t 7 , t 11 ) = 0, where these two new polynomials are defined over Q(ρ) (see [9] for these long polynomials). In this way, we have obtained the following equations over Q(ρ) for Z 1 :
2 , t 12 = t 11 P 1 (t 1 , t 2 , t 3 , t 7 , t 11 ) = 0 P 2 (t 1 , t 2 , t 3 , t 7 , t 11 ) = 0 P 3 (t 1 , t 2 , t 3 , t 7 , t 11 ) = 0 P 4 (t 1 , t 2 , t 3 , t 7 , t 11 ) = 0
Notice that, by the above computations, we have explicitly the inverse of L 1 given as
where x 1 , x 2 , x 3 and x 4 are in terms of t 1 , t 2 , t 3 , t 7 and t 11 .
As the variables t 1 ,..., t 12 are uniquely determined only by the variables t 1 , t 2 , t 3 , t 7 and t 11 , if we consider the projection 
is a birational isomorphism, where
The inverse L −1 : Z → X is given as
We have obtained equations for Z over Q(ρ). But, as Z η 1 = Z 1 , for every η ∈ N , and π is defined over Q, we may see that Z η = Z, for every η ∈ N , that is, Z can be defined by polynomials over Q( √ −7). To obtain such equations over Q( √ −7), we replace each polynomial P j (j = 3, 4) by the new polynomials (with coefficients in Q( √ −7))
We have obtained an explicit model Z for the Fricke-Macbeath curve over Q( √ −7) together explicit birational isomorphisms L : X → Z and L −1 : Z → X.
3.9
Finally, notice that the regular dessin d'enfant (X, β), given before, is isomorphic to that provided by the pair (Z, β * ), where β
4 An explicit isomorphism L : X → W where W is defined over Q Next we explain how to construct an explicit birational isomorphism L : X → W , where W is known to be defined over Q.
Let us consider the explicit model
where η is the complex conjugation. As already noticed, since X admits the anticonformal involution J (defined previously), the curve Z admits the anticonformal involution T = L•J •L −1 . It is not difficult to see that by setting g e = I and g η = S • T , where S (t 1 , t 2 , t 3 , t 7 , t 11 ) = (t 1 , t 2 , t 3 , t 7 , t 11 ) , we obtain a Weil datum for the Galois extension Q( √ −7)/Q. Now, identically as done above, we consider the rational map
where g η (t 1 , t 2 , t 3 , t 7 , t 11 ) = (s 1 , s 2 , s 3 , s 7 , s 11 ). We may see that Φ 2 induces a birational isomorphism between Z and Φ 2 (Z). In this case,
The Galois group M induces the permutation action Θ 2 (M ) defined as A set of generators for the invariant polynomials (with respect to the previous permutation action) is given by q 1 = t 1 + s 1 , q 2 = t 2 + s 2 , q 3 = t 3 + s 3 , q 4 = t 7 + s 7 , q 5 = t 11 + s 11 , q 6 = t Then the rational map
satisfies the following properties:
(4.1)
There are two possibilities:
; in which case Z η = Z and Z will be already defined over Q (which seems not to be the case); and 2. the stabilizer of
Under the assumption (2) above, we have that
is a biregular isomorphism and that, as before, W is defined over Q. That is, the map L 1 = Ψ 2 • Φ 2 : Z → W is an explicit biregular isomorphism and W is defined over Q. In this way, L = L 1 • L : X → W is an explicit birational isomorphism as desired.
As R 2 and Z are explicitly given, one may compute explicit equations for W over Q( √ −7), say by the polynomials A 1 , ..., A m ∈ Q( √ −7)[q 1 , ..., q 10 ] (this may be done with MAGMA [3] or by hands, but computations are heavy and very long). To obtain equations over Q we replace each A j (which is not already defined over Q) by the traces A j + A η j and iA j − iA η j .
5 A remark on the elliptic curves in the model X
A connection to homology covers
Let us set λ 1 = 1, λ 2 = ρ, λ 3 = ρ 2 , λ 4 = ρ 3 , λ 5 = ρ 4 , λ 6 = ρ 5 and λ 7 = ρ 6 , where ρ = e 2πi/7 . If S is the Fricke-Macbeath curve, then there is a regular branched cover Q : S → C having deck group G ∼ = Z ; a group of conformal automorphisms of S. Then there exists a set of generators of H, say a 1 ,..., a 6 , so that the only elements of H acting with fixed points are these and a 7 = a 1 a 2 a 3 a 4 a 5 a 6 . In [4, 5] it was noted that S corresponds to the generalized Fermat curve of type (2, 6) (also called the homology cover of S/H)
that a j is just multiplication by −1 at the coordinate x j and that the regular branched cover P : S → C given by
has H has its deck group and branch locus given by the set of the 7th-roots of unity {λ 1 , ..., λ 7 }.
By classical covering theory, there should be a subgroup K < H, K ∼ = Z 3 2 , acting freely on S so that there is an isomorphism φ : S → S/K with φGφ −1 = H/K. Let us also observe that the rotation R(z) = ρz lifts under P to an automorphism T of S of order 7 of the form
for suitable comples numbers c j . One has that T a j T −1 = a j+1 , for j = 1, ..., 6 and T a 7 T −1 = a 1 . The subgroup K above must satisfy that T KT −1 = K as R also lifts to the Fricke-Macbeath curve (as noticed in the Introduction).
About the elliptic curves in the Fricke-Macbeath curve
The subgroup
acts freely on S and it is normalized by T . In particular, S * = S/K * is a closed Riemann surface of genus 7 admitting the group L = H/K * = {e, a * 1 , ..., a *
(where a * j is the involution induced by a j ) as a group of automorphisms and it also has an automorphism T * of order 7 (induced by T ) permuting cyclically the involutions a * j . As S * / L, T * = S/ H, T has signature (0; 2, 7, 7), we may see that S = S * and
In this way, we may see that every involution of H/K is induced by one of the involutions (and only one) with fixed points; so every involution in L acts with 4 fixed points on S.
Let a * i , a * j ∈ H/K be any two different involutions, so a * i , a * j ∼ = Z 2 2 . Then, by the Riemann-Hurwitz formula, the quotient surface S/ a * i , a * j is a closed Riemann surface of genus 1 with six cone points of order 2. These six cone points are projected onto three of the cone points of S/H. These points are λ i , λ j and λ r , where a * r = a * i a * j . In this way, the corresponding genus one surface is given by the elliptic curve
So, for instance, if we consider i = 2 and j = 3, then r = 5 and the elliptic curve is If i = 1 and j = 2, then r = 4 and the elliptic curve is y 2 2 = (x − ρ 2 )(x − ρ 4 )(x − ρ 5 )(x − ρ 6 ).
If i = 1 and j = 3, then r = 7 and the elliptic curve is We have obtained the three elliptic curves appearing in the Fricke-Macbeath equation (2.1).
Another model for the Fricke-Macbeath curve
The above description of the Fricke-Macbeath curve in terms of the homology cover S permits to obtain an explicit model. Let us consider now an affine model of S, say by taking x 7 = 1, which we denote by S 0 . In this case the involution a 7 is multiplication of all coordinates by −1. A set of generators for the algebra of invariant polynomials in C[x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ] under the natural linear action induced by K is , t 7 = x 1 x 2 x 5 , t 8 = x 1 x 2 , x 3 x 6 t 9 = x 1 x 4 x 6 , t 10 = x 1 x 3 x 4 x 5 , t 11 = x 2 x 4 x 5 x 6 , t 12 = x 2 x 3 x 4 , t 13 = x 3 x 5 x 6 .
If we set
F (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) = (t 1 , t 2 , t 3 , t 4 , t 5 , t 6 , t 7 , t 8 , t 9 , t 10 , t 11 , t 12 , t 13 ), then F ( S 0 ) will provide a model for the Fricke-Macbeath (affine) curve S. Equations for such an affine model of S are 
Of course, one may see that the variables t 2 , t 3 , t 4 , t 5 and t 6 are uniquely determined by the variable t 1 . Other variables can also be determined in order to get a lower dimensional model.
